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Abstract
We study the charged black hole of hyperbolic horizon with scalar hair (charged Martinez-
Troncoso-Zanelli: CMTZ black hole) as a model of analytic hairy black hole for holo-
graphic superconductor. For this purpose, we investigate the second order phase tran-
sition between CMTZ and hyperbolic Reissner-Nordstro¨m-AdS (HRNAdS) black holes.
However, this transition unlikely occur. As an analytic treatment for holographic super-
conductor, we develop superconductor in the bulk and superfluidity on the boundary using
the CMTZ black hole below the critical temperature. The presence of charge destroys the
condensates around the zero temperature, which is in accord with the thermodynamic
analysis of the CMTZ black hole.
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1 Introduction
Recently, the AdS/CFT correspondence has widely applied to investigating the super-
conductivity. In order to describe a superconductor, we introduce the temperature and
charge density in the boundary field theory by adding a charged black hole [1, 2]. Then, we
make a condensate through coupling of a charged scalar field ψ to a Maxwell field to define
Cooper pair’s operator and its charge density in the boundary theory. In these cases, the
charged scalar field is minimally coupled to gravity. To represent the phase diagram for
holographic superconductor, one supposes a system which admits black hole with scalar
hair at low temperature, while at high temperature there is a black hole without hair,
namely Reissner-Nordsto¨m-AdS4 (FRNAdS) black hole with flat horizon. In all of these
gravity constructions [3], the onset of the phase transition is triggered by a zero mode for
the field that gives hair to the black hole. The FRNAdS black hole is unstable against the
perturbation of the charged scalar because the effective mass m2ψ = m
2 + p2gttA2t of the
scalar field becomes too negative [4]. Then, this perturbed scalar can develop a nontrivial
profile without a ψ4-term to stabilize the run away direction of ψ. Superfluid phase tran-
sitions are associated with spontaneous symmetry breaking, while superconducting phase
transitions are triggered by the Abelian-Higgs mechanism. Hence, superfluidity appears
in the boundary field theory and superconductivity in the bulk gravity [5]. In terms of
AdS/CFT picture, it implies that an instability of FRNAdS black hole to develop scalar
hair is dual to a superfluid phase transition. Noting that the AdS/CFT correspondence
maps classical gravity to a strongly interacting field theory, the correspondence opens a
window onto strongly interacting superconductors and superfluids where the known BCS
theory and weak coupling techniques are inapplicable [4]. Also, it is suggested that the
endpoint of instability of RNAdS black hole with spherical horizon is a numerical hairy
black hole [6].
In this direction, most of studies were being performed numerically. Solving the equa-
tions on the gravity side reduces to a set of nonlinear, coupled differential equations which
could be solved on a computer. We call these as numerical hairy black hole solutions. This
is so called because we could not obtain an analytic hairy black hole solution except a few
cases: a complicated p-wave superconductor [7, 8] and a gapless superconductor of neutral
MTZ black hole [9]. In the former, the dual boundary field theory has a vector rather
than a scalar order parameter. On the other hand, in the latter, the charged scalar φ is
conformally coupled to gravity and the scalar potential plays an essential role to develop
scalar condensation. A second order phase transition between topological black hole and
MTZ black hole [10] occurred at the critical temperature [11, 12]. It implies that below
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the critical temperature, the MTZ black hole acquires its scalar hair, while an electro-
magnetic perturbation determines the conductivity and then, the superfluid density of
the boundary theory.
At this stage, we would like to mention the difference on the mechanism of condensa-
tion of the scalar field. In the case of a FRNAdS black hole, the scalar field condensates
because the Abelian-Higgs mechanism was operating without ψ4-term [13], while for the
MTZ black hole, the condensation of the scalar was made by conformally coupling to
gravity and the presence of φ4-term in the potential. The conformal coupling provides
a single effective mass m2φ = −1/l2, which is larger than the Breitenlohner-Freedman
bound, m2BF = −9/4l2 in the AdS4 spacetime [14]. Importantly, the presence of φ4-term
is essential for developing an exact scalar hair in the hyperbolic horizon [15]. It is worth
to note that the presence of potential and horizon topology gives rise to an exact scalar
hair on the gravity side. Hence, it is considered as an exact gravity dual of a gapless
superconductor [9]. However, the MTZ black hole is considered as a probe limit because
it belongs to a neutral black hole.
Fortunately, the charged MTZ (CMTZ) black hole was found with scalar hair when the
coefficient α of φ4-term is between 0 and 2piG/3l2 [15], where the upper bound corresponds
to the MTZ black hole [10] and the lower bound is not allowed. Hence, it is very interesting
to investigate whether or not a pair of the CMTZ and HRNAdS black holes provides a
second order phase transition. It was proposed that this transition is likely possible to
occur for a special case of q˜2 = −Gµ2 HRNAdS black hole [16]. If this pair is the case, it
would provide a really analytic gravity dual to a holographic superconductor. However,
the previous analysis might be wrong because the q˜2 = −Gµ2 case is not allowed in
the HRNAdS black holes. Moreover, the entropy of the CMTZ black hole is not the
Bekenstein-Hawking entropy but it should be obtained using either the Euclidean action
approach or the Wald method because of the conformal coupling of scalar to gravity.
In this case, the negative entropy appears [15], which in turn confines the free energy to
restricted ranges, depending on the charge q. Therefore, the presumed second order phase
transition unlikely occurs between CMTZ and HRNAdS black holes.
On the other hand, we have an analytic charged black hole with scalar hair, even
though the corresponding black hole without scalar hair is not clearly known. In this
case, we would like to make a progress on the superfluidity on the boundary by studying
the superconductivity on the gravity side. This situation is opposite to a case of numerical
hairy black holes that the charged black holes without scalar hair were known explicitly,
while the charged black holes with scalar hair were found numerically.
The organization of this work is as follows. Section 2 is devoted to reviewing the
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hyperbolic Reissner-Nordstro¨m-AdS4 (HRNAdS) black hole as charged black hole without
scalar hair. We study the CMTZ black hole as the charged black hole with scalar hair in
section 3. We investigate superconductivity and superfluidity for the CMTZ black hole
thoroughly in section 4. Finally, we discuss our results by comparing the known results.
2 HRNAdS black holes
Topological black holes in asymptotically anti-de Sitter spacetimes were first found in
three and four dimensions [17]. Their black hole horizons are Einstein spaces of spheri-
cal, hyperbolic, and flat curvature for higher dimensions more than three [18, 19]. The
standard equilibrium and off-equilibrium thermodynamic approaches to these black holes
are possible to show that they are treated as the extended thermodynamic systems, even
though their horizons are not spherical.
We start with the Einstein-Maxwell action
I4[g, Aµ] =
∫
d4x
√−g
[
R− 2Λ
16piG
− 1
16pi
F µνFµν
]
(1)
where Λ = −3/l2 with l is the curvature radius of AdS4 spacetimes. For A = 0 case,
we obtain the action for the four dimensional topological black hole. For A = − q˜
ρ
dt, the
charged topological black hole (CTBH) in AdS4 spacetimes are given by
ds2CTBH = gµνdx
µdxν = −fk(ρ)dt2 + 1
fk(ρ)
dρ2 + ρ2dΣ2k, (2)
where the metric function fk(ρ) is given by
fk(ρ) = k +
ρ2
l2
− 2Gµ
ρ
+
Gq˜2
ρ2
(3)
where µ and q˜ are related to the mass parameter and charge of black hole, respectively.
For q˜ = 0, the above reduces to topological black hole (TBH). For k = −1 and q˜2 = −Gµ2,
the metric function leads to the same form as (21) for the CMTZ black hole. However,
this case is not allowed because q˜2 = −Gµ2 implies an imaginary charge (q˜ = i√Gµ).
dΣ2k describes the 2D horizon geometry with a constant curvature as Einstein space
dΣ2k = dθ
2 + p2k(θ)dϕ
2 ≡ hkijdxidxj , (4)
where pk(θ) is given by
p0(θ) = θ, p1(θ) = sin θ, p−1(θ) = sinh θ. (5)
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For k = −1, one has that θ ≥ 0 and 0 ≤ ϕ ≤ 2pi denote the coordinates of the hyperbolic
space H2. Here we define k=1, 0, and −1 cases as the Reissner-Norstro¨m-AdS black hole
(RNAdS), flat RNAdS black hole (FRNAdS), and hyperbolic RNAdS (HRNAdS) black
holes [20], respectively. It is easy to check that the metric (2) satisfies
R = 4Λ, (6)
when the horizon is an Einstein space
Rij = kh
k
ij . (7)
In this work, we are interested in the negative curvature with k = −1 only. Then, the
horizon space is a hyperbolic manifold of Σk=−1 = H
2/Γ, where H2 is 2D hyperbolic
space and Γ is a freely acting discrete subgroup of the isometry group O(2, 1) of H2 [21].
This manifold has genus g ≥ 2 and its area is given by σ = 4pi(g − 1). For numerical
calculations, we choose g = 2, σ = 4pi, G = 1, and l = 1. The boundary has the metric
ds2∂ = −dt2 + l2dσ2 (8)
which is a hyperbolic manifold of radius l and its curvature is negative as −1/l.
3 CMTZ black holes
In order to understand the role of scalar and its potential well, it would be better to start
with the conformally coupled action [9]
I4[g, φ, Aµ] =
∫
d4x
√−g
[
R− 2Λ
16piG
−(Dµφ)∗(Dµφ)−1
6
Rφφ∗−4α(φφ∗)2− 1
16pi
F µνFµν
]
, (9)
where a conformally charged coupled scalar φ appears with a conventional potential term
α(φφ∗)2 and
Dµφ ≡ ∂µφ+ ipAµφ. (10)
We note the mass dimensions of [φ] = [φ∗] = [Aµ] = 1. For φ = 0, one has the action
(1) for HRNAdS black hole. We note that α is an arbitrary coupling constant, but it was
given by α = 2piG/3l2 for the MTZ black hole without Maxwell field [10]. The equations
of motion are given by
Gµν + Λgµν = 8piG
(
T φµν + T
em
µν
)
, (11)
1√−gDµ(
√−gDµφ) = 1
6
Rφ+ 8αφ2φ∗, (12)
∇νF µν = 4piJµ, (13)
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Figure 1: Modulus of scalar |φ¯(r, α, µ)| with µ = −1
4
for α = 2piG/3, 1.6, 0.1, 0.01 and
its effective potentials Veff(|φ¯|, α) for α = 2piG/3, 1.6, 0.1, 0.01, 0 from top to bottom. We
observe that a scalar singularity at r = −Gµ = 1/4 exists for all α, which is responsible
for scalar hair in the CMTZ black holes.
with
T φµν =
[
Dµφ(Dνφ)
∗ +Dνφ(Dµφ)
∗
]
− gµν(Dβφ)∗(Dβφ) (14)
+
1
3
[
gµν∇2 −∇µ∇ν +Gµν
]
φφ∗ − 4α(φφ∗)2gµν ,
and
T emµν =
1
4pi
(
FµβFν
β − 1
4
gµνF
2
)
, Jµ = −ip
(
φ∗Dµφ− c.c
)
. (15)
Since the scalar field is conformally coupled, the total energy-momentum tensor is trace-
less. The Ricci curvature scalar is constant
R¯ = 4Λ. (16)
Since Eq. (12) can be rewritten as
1√−gDµ(
√−gDµφ) = ∂Veff
∂φ∗
, (17)
it implies the form of an effective potential
Veff(φ) =
1
6
R¯φφ∗ + 4α(φφ∗)2. (18)
Taking the scalar to be the modulus
φ→ |φ|√
2
(19)
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together with p ≃ 01, all equations (11)-(13) reduce to those in the neutral scalar coupled
system. Then, the solution is given by the CMTZ black hole
ds2M = −fM(r)dt2 +
dr2
fM(r)
+ r2dΣ2k=−1 (20)
where the metric function fM(r) is given by
fM(r) =
r2
l2
−
(
1 +
Gµ
r
)2
. (21)
The modulus of scalar field and the electromagnetic potential take the forms, respectively,
|φ¯(r, α, µ)| = −
√
1
2αl2
Gµ
r +Gµ
, A¯t = −q
r
. (22)
As is shown in Fig. 1, the modulus of scalar and its potential are depicted for α =
2piG
3l2
, 1.6, 0.1, 0.01, 0. The modulus of scalar field has a simple pole at r = −Gµ for all α
only if µ is negative, while shapes of its potential are drastically changed from α = 0,
Veff(φ) = −|φ¯|2/l2 to α 6= 0 case of Veff = −|φ¯|2/l2 + α|φ¯|4. This makes a difference
between α = 0 and α 6= 0. α = 2piG
3l2
corresponds to the neutral MTZ black hole. We note
here that the singularity of modulus at r = −Gµ is essential for having the CMTZ black
hole dressed by scalar field and electric charge.
Importantly, the charge is no longer an independent parameter and thus it should be
determined by the relation
q2 = Gµ2
(
− 1 + 2piG
3αl2
)
(23)
which determines, from the condition of q2 ≥ 0, the lower and upper bound for the
coupling constant α as
0 < α ≤ 2piG
3l2
. (24)
Because of the above bound, it is convenient to express α in terms of µ and q
α(µ, q) =
2piG2µ2
3l2(Gµ2 + q2)
(25)
which means that “µ and q” are two conserved quantities for the CMTZ black hole.
1Precisely, for p 6= 0, the CMTZ black hole solution is not an exact solution to (11)-(13). Actually,
we could not obtain the exact complex scalar hairy black hole including the nonzero p. In this work, we
use the CMTZ black hole to investigate the density dependence of the dual condensed matter system in
the small p limit.
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In the case of positive mass µ > 0, analytic hairy black holes possess a single event
horizon located at
r+ =
l
2
(
1 +
√
1 +
4Gµ
l
)
(26)
which satisfies r+ > l and the scalar is regular everywhere. However, this case has nothing
to do with developing holographic superconductor. On the other hand, an important
feature of the hairy black hole is that a complicated horizon structure appears for−l/4G <
µ < 0. The hairy black hole has three horizons located at
r± =
l
2
(
1±
√
1 +
4Gµ
l
)
, r−− =
l
2
(
− 1 +
√
1− 4Gµ
l
)
(27)
which satisfy an inequality
0 < r−− < −Gµ < r− < l
2
< r+. (28)
The outermost r+ and innermost r−− horizons are event horizons and thus one may say
that this metric describes “a black hole in the black hole”. The causal structure of Penrose
diagram was constructed in Ref.[15].
Thermodynamic quantities of the CMTZ are given by Hawking temperature TM =
f ′
M
(r+)
4pi
, mass MM =
σ
4pi
µ, heat capacity CM =
(
∂MM
∂TM
)
Q
by [10, 11, 12]
TM(r+) =
1
2pil
[2r+
l
− 1
]
, MM(r+) =
σr+
4piG
(r+
l
− 1
)
, CM(r+) =
σl2
4G
(2r+
l
− 1
)
, (29)
which are the same quantities as in the MTZ black hole. Here we observe a linear relation
between temperature and heat capacity
TM =
2G
piσl3
CM =
2G
piσl3
SMTZ (30)
with the entropy for the MTZ black hole
SMTZ(r+) =
σl2
4G
(2r+
l
− 1
)
. (31)
However, since the conformal coupling term appears in the action, the entropy should be
obtained by making use of the Euclidean action approach [15] and the Wald method [22]
as
SM(r+, q) =
σr2+
4G˜
=
σl2
4G
(
2r+
l
− 1− Gq
2
r2+
)
, (32)
where an effective Newtonian constant at the event horizon is given by
1
G˜
=
1
G
(
1− 4piG
3
|φ¯|2
)
. (33)
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Figure 2: Entropy graph: the allowed regions for positive entropy SM(r+, q) with q =
0, 0.05, 0.3, 0.5 from top to bottom. The first case (top) corresponds to the MTZ black
hole with q = 0: 0.5 ≤ r+ < ∞. The permitted regions gets narrow and narrow as q
increases from 0.05 to 0.5: 0.51 ≤ r+ < ∞ for q = 0.05, 0.62 ≤ r+ < ∞ for q = 0.3, and
0.73 ≤ r+ <∞ for q = 0.5 (bottom).
The positivity of entropy SM ≥ 0 requires a bound
r2+
(2r+
l
− 1
)
≥ Gq2. (34)
It requires lower bounds for being the positive entropy. As is depicted in Fig. 2, the
allowed region depends on the charge q critically. The MTZ black hole corresponds to
the largest region between l/2 ≤ r+ < ∞. However, the permitted region gets narrow
and narrow as the charge q increases. As q →∞, the allowed region approaches a point
at r+ = ∞ and thus, we could not define the entropy. We note that the first law of
thermodynamics dMM = TMdSM − ΦdQ with Φ = −q/r+ and Q = σq/4pi is no longer
satisfied for the CMTZ black hole, in contrast to the MTZ black hole with q = 0.
We would like to mention the thermodynamic property of extremal CMTZ black hole
since it may describe the zero temperature limit of the holographic superconductivity [4].
We note that the temperature and heat capacity at the extremal point r+ = re = l/2 take
the form
T eM = C
e
M = 0. (35)
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The entropy for extremal CMTZ black hole is always negative as is shown by
SeM
( l
2
, q
)
= −σq2 ≤ 0 (36)
for q ≥ 0 in (24). The lower equality represents the zero entropy of extremal MTZ black
hole. Hence, all allowed region for r+ depending q exclude their extremal black holes at
r = re.
The free energy is a key quantity to see the second order phase transition between
HRNAdS and CMTZ black holes. Actually, to study the first order phase transition as the
Hawking-Page transition [23], one requires the heat capacity and free energy because it de-
scribes a phase transition from a hot gas, via small unstable black hole with negative heat
capacity, to large stable black hole with positive heat capacity in AdS4 spacetimes [24].
However, the second order phase transition occurs between two different black holes with
positive heat capacity. Thus, it suggests that the heat capacity does not play the role in
determining the second order phase transition.
In order to see whether the second order phase transition occurs between HRNAdS
and CMTZ black holes, we note that the free energy for CMTZ black hole defined by
FM =MM − TMSM + ΦQ (37)
takes a form
FM(r+, q) =
σr+
4piG
(r+
l
− 1
)
− σ(2r+ − l)
8piG
(
2r+
l
− 1
)
− σlq
2
8pir2+
. (38)
Here we easily check that for q = 0, FM reproduces the free energy for the MTZ black
hole
FMTZ(r+) = − σ
8piG
(2r2+
l
− 2r+ + l
)
. (39)
In order to implement the phase transition to the corresponding black hole without scalar
hair, we need the free energy without any restriction. However, it is clear that the bound
(34) puts restriction on the free energy. The onset of black hole charge disturbs a transition
to the corresponding black hole without scalar hair. A promising case is the probe limit
that a pair of neutral black holes of MTZ and TBH provides the second order phase
transition [11, 12].
Finally, we argue that a q-dependent free energy is not suitable (sufficient) for studying
a transition to the corresponding black hole without scalar hair. In the next section, we
will show explicitly that the onset of charge density on the boundary disturbs making a
solid superconducting and superfluidity phase.
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4 Gapless superconductivity
We remind that an analytic hairy black hole was known. Even though the corresponding
black hole without scalar hair is unknown, we wish to explore the superfluidity on the
boundary by studying the superconductivity on the gravity side. This situation is opposite
to the numerical hairy black hole case that the charged black hole without scalar hair is
known, whereas the charged black hole with scalar hair is found numerically. In that case,
an instability of scalar field near (at) the event horizon develops the scalar hair and thus,
the superfluidity on the boundary.
Below the critical temperature defined by T0 =
1
2pil
, the CMTZ black hole solution
acquires a scalar hair and thus, a condensation forms. Near the boundary, the modulus
of scalar field could be expanded as
|φ¯| = φ
(1)
r
+
φ(2)
r2
+ · · · , (40)
where
φ(1) = −
√
1
2αl2
Gµ and φ(2) =
√
1
2αl2
G2µ2. (41)
Two non-vanishing coefficients correspond to the condensates of two dual scalar operator
Oi (i = 1, 2), respectively,
〈Oi〉 =
√
2φ(i) , i = 1, 2 . (42)
We emphasize that unlike the numerical hairy black hole, the existence of two condensates
does not always imply an instability of CMTZ black hole. As was in (29), one notes that
this black hole is thermodynamically stable when α approaches its neutral value (α→ 2piG
3l2
,
equivalently q → 0) because CM > 0 and FM(r+, q → 0) = FMTZ < 0 in (39). We express
α in (25) in terms of q and
µ(TM) = −T
2
0 − T 2M
8piGT 30
(43)
through r+ = pil
2(TM + T0). Furthermore, substituting these into (41) leads to two
condensates which take the forms
〈O1〉 =
√
3
2pi
√√√√q2 + (T 20 − T 2M)2
64pi2GT 60
, (44)
〈O2〉 =
√
3(T 20 − T 2M )
8
√
2 pi3/2T 30
√√√√q2 + (T 20 − T 2M)2
64pi2GT 60
, (45)
which for q = 0, reduce to the same expressions found in Ref. [9]. When q is turned on,
the first condensate 〈O1〉 does not go to zero at the critical temperature TM = T0. Since
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Figure 3: The condensates < O1 > and < O2 > as functions of temperature TM and
charge density q. Left column: condensates as functions of TM are plotted for q = 0.5
(solid), 0.3 (dashed) and 0.05 (dotted). Right column: condensates as functions of q are
shown for TM = 0.15 (solid), 0.1 (dashed) and 0.05 (dotted).
the first condensate does not become zero at the critical temperature, unlike the MTZ
black hole, the second order phase transition between HRNAdS and CMTZ black holes
may not occur. This is consistent with the thermodynamic analysis of the black hole in
the previous section. Moreover, near the critical temperature, two condensate behave like
〈O1〉 ≃
√
3
2pi
q,
〈O2〉 ≃
√
3 q
4
√
2 pi3/2T0
(
1− TM
T0
)
. (46)
Comparing these critical exponents with those of the MTZ black hole [9], the black hole
charge q which corresponds to the charge density on the boundary field theory decreases
the critical exponents ci defined by 〈Oi〉 ≃
(
1− TM
T0
)ci
: c1 = 1 → 0 and c2 = 2 → 1. In
Fig. 3, we plot two condensates (44) and (45) as functions of TM and q. As shown in these
figures, we find that the condensate decreases as the temperature increases. On the other
hand, condensates increase as the charge density q increases. At the critical temperature,
〈O2〉 goes to zero irrespective of the charge density, whereas 〈O1〉 remains as a constant
value for nonzero q. From this observation and (46), we find that the charge density q
significantly changes the condensates.
Now we are in a position to investigate the electric conductivity. For this purpose, we
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perform the electromagnetic perturbations around the CMTZ hyperbolically symmetric
background only by considering
Aµ = A¯µ + aµ. (47)
Linearizing (13), a s-wave gauge field fluctuation satisfies
fM∂r (fM∂raw) +
(
w2 − p2
∣∣∣φ¯∣∣∣2 fM
)
aw = 0, (48)
where p is a charge of the complex scalar field and we use the fourier transformation to
define aw
aθ(t, r) =
∫ dw
2pi
e−iwtaw(r). (49)
In deriving (48), we used the wave function of the lowest harmonic which corresponds to
the lowest eigenvalue in the compact hyperbolic space Σk=−1 = H
2/Γ given by ξ2+1/4 =
0. We note that the gauge perturbation in ϕ-direction aϕ(t, r) can be also described
by (48) because we are working in the hyperbolically symmetric background. We could
not solve (48) analytically. We may solve this equation for weak coupling p2 using the
perturbation theory. In order to get a solution near horizon, we introduce the tortoise
coordinate as
r∗ = −
∫
∞
r
dr˜
fM(r˜)
, (50)
which satisfies
dr∗
dr
=
1
fM
. (51)
Then, Eq. (48) leads to the Schro¨dinger-type equation
d2aw
dr∗2
+
(
w2 − p2
∣∣∣φ¯∣∣∣2 fM)aw = 0. (52)
Since fM is nearly zero near the horizon, we can easily solve the above equation. An
incoming wave near the horizon is given by
a←w = e
−iwr∗. (53)
For small p2 regime, one keeps the first order perturbation expansion of p2. We find that
near the boundary, aw is given approximately by
aw = e
−iwr∗ +
p2
2iw
eiwr
∗
∫ r
r+
dr˜
∣∣∣φ¯∣∣∣2 e−2iwr∗ − p2
2iw
e−iwr
∗
∫ r
r+
dr˜
∣∣∣φ¯∣∣∣2 + · · · . (54)
Expanding aw in the large r, we obtain
aw = a
(0)
w +
a(1)w
r
+ · · · (55)
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with
a(0)w = 1 +
p2
2iw
∫
∞
r+
dr˜
∣∣∣φ¯∣∣∣2 (e−2iwr∗ − 1) ,
a(1)w = iw −
p2
2
∫
∞
r+
dr˜
∣∣∣φ¯∣∣∣2 (e−2iwr∗ + 1) . (56)
Then, we read off the conductivity to the first order in p2 as
σ(w) =
a(1)w
iwa
(0)
w
= 1− p
2
iw
∫
∞
r+
dr
∣∣∣φ¯∣∣∣2 e−2iwr∗ . (57)
We note that the superfluid density ns is given by the coefficient of the delta function of
the real part of conductivity [9]
Re[σ(w)] ∼ pinsδ(w), (58)
which is also the coefficient of the pole in the imaginary part
Im[σ(w)] ∼ ns
w
for w → 0. (59)
Then, ns becomes
ns =
p2
2αl2
G2µ2
r+ +Gµ
. (60)
Using the temperature TM and density q, the superfluid density for small p
2 can be
rewritten as
nαs =
6p2T 30
(T0 + TM)2
(
q2 +
(T 20 − T 2M)2
64pi2GT 60
)
. (61)
In the limit of q2 → 0, we find that nqs reduces to ns of the probe limit in Ref. [9]. Also,
we note that near the zero temperature TM = 0,
nqs(0)− nqs(TM) ≃ TM (62)
which matches the low temperature behavior of heat capacity in (30).
5 Discussion
First of all, we would like to mention that the exact gravity dual of a gapless superconduc-
tor based on the TBH-MTZ black holes [9] was considered as a probe limit-description
of holographic superconductor because these black hole belongs to neutral black holes
without charge. We have studied the CMTZ black hole as a model of analytic hairy black
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hole for holographic superconductor. This situation is opposite to a case of numerical
hairy black holes that the charged black holes without scalar hair were known explicitly,
while the charged black holes with scalar hair were found numerically. In this work, we
have reanalyzed the phase transition between HRNAdS and CMTZ black holes. How-
ever, this transition unlikely occur, which means that HRNAdS black holes may not be
the corresponding black hole without scalar hair. We note that a special transition be-
tween HRNAdS with q˜ = i
√
Gµ and CMTZ black hole with q = i
√
Gµ [16] is not allowed
because this channel is beyond the real transition. Explicitly, the presence of black hole
charge affects thermodynamics of CMTZ black holes drastically: changing from α = 2piG
3l2
to α = 0 means increasing of charge from q = 0 to q = ∞. This is mainly because
there exists some restriction on defining the entropy and free energy of CMTZ black hole
due to the black hole charge q. The onset of black hole charge disturbs a transition
to the corresponding black hole without scalar hair. An exceptional case is a pair of
neutral black holes of MTZ and TBH where the second order phase transition was well
established [11, 12].
As an analytic treatment for holographic superconductor, we have developed super-
conductor in the bulk and superfluidity on the boundary using the CMTZ black hole below
the critical temperature. This might provide an analytic hairy black hole to study the
holographic superconductor. It was shown that the presence of charge density destroys
the condensates, which is in accord with the thermodynamic analysis of the CMTZ black
hole. At the critical temperature T = T0, 〈O2〉 goes to zero, irrespective of the charge
density q, whereas 〈O1〉 remains as a constant value for nonzero q. Hence, we find that
the charge density q affects the onset of the superconductivity.
Finally, we consider the zero temperature limit of holographic superconductor [25]. As
was shown in black hole thermodynamics, each allowed region for free energy excludes the
extremal black hole at the zero temperature TM(re) = 0 except the MTZ black hole. The
entropies of extremal CMTZ black holes all are negative (see (36)) which is unacceptable
for black hole thermodynamics, while the entropy of extremal MTZ black hole is zero [26].
We observe that similar results for the conductivity depending on the charge density were
found in the Horowitz-Roberts model [26] and Ref.[27].
In conclusion, we have shown that the onset of charge density on the boundary disturbs
making a solid superfluidity phase by studying an analytic hairy solution of CMTZ black
hole. Hence, it seems difficult to find an exact hairy black hole which describes the holo-
graphic superconductor and its corresponding black hole without scalar hair, compared
to numerical hairy black holes.
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